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LP-ESTIMATES FOR THE VARIATION FOR SINGULAR INTEGRALS 
ON UNIFORMLY RECTIFIABLE SETS 

ALBERT MAS AND XAVIER TOLSA 


Abstract. The (1 < p < oo) and weak-i'^ estimates for the variation for Calderon- 
Zygmund operators with smooth odd kernel on uniformly rectifiable measures are proven. 
The boundedness and the corona decomposition method are two key ingredients of the 
proof. 


1. Introduction 

This article is devoted to obtain LP (1 < p < oo) and weak-L^ estimates for the variation 
for Calderon-Zygmund operators with smooth odd kernel with respect to uniformly rectifiable 
measures. As a matter of fact, we prove that if the estimate holds then the and weak-L^ 
estimates follow; the results in m deal with the case. 

Regarding the Calderon-Zygmund operators, given 1 < n < d integers, in this article we 
consider kernels K :R'^\ {0} —?> M such that K{—x) = —K{x) for all x 7 ^ 0 {K is odd) and 

(1) \K{x)\ < \d^,K{x)\ < and |a,,5,.A(x)| < 

for all X = (xi,..., Xd) € M'^\{0} and all 1 < *, j < d, where and C > 0 is some constant. The 
growth estimate on the second derivatives required in ([1]) comes from the fact that it is also 
assumed in m Theorem 1.3 and Corollary 4.2], which are used in this article (see Theorem 
[321). We should mention that this growth estimate is usually required in what concerns to 
boundedness of singular integral operators and uniformly rectifiable measures, see for 
example [a El da [ 111120 ]. However, in Theorem 11.41 below we consider more general kernels. 
Civen a Radon measure p in f E and x E we set 

(2) T^f{x) = T^{fp,){x):= f K{x-y)f{y)dp{y), 

J\x-y\>e 

and we denote f{x) = sup^^g l^e^/(®)l) 7” = {T£}e>o and = {Tt}e>o- Given p > 2 and 
/ E the p-variation operator acting on T^/ = {Tt f}e>o is defined as 

/ \ i/p 

(3) iVpornfix) := sup ( X 

{em} ^ 

where the pointwise supremum is taken over all the non-increasing sequences of positive 
numbers {€m}mez- 
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Concerning the notion of uniform rectifiability, recall that a Radon measure /r in 
is called n-rectifiable if there exists a countable family of n-dimensional submanifolds 
in 1^*^ such that fj,{E \ UieN-^j) ~ /U <C where stands for the n- 

dimensional Hausdorff measure. Moreover, /x is said to be n-dimensional Ahlfors-David 
regular, or simply n-AD regular, if there exists some constant C > 0 such that 

< Cr^ 

for all X G supp/x and 0 < r < diam(supp/x). Note that if diam(supp;u) < -|-oo then 
/x(M'^) < oo and so the condition ^{B{x, r)) < Cr" in the definition of AD regularity actually 
holds for all r > 0. Finally, one says that is uniformly n-rectifiable if it is n-AD regular 
and there exist 6,M > 0 so that, for each x G supp/x and 0 < r < diam(supp^), there is a 
Lipschitz mapping g from the n-dimensional ball B^{0, r) C into such that Lip(g) < M 
and 

g[B{x,r) n g{B^{0,r))) > 

where Lip(g') stands for the Lipschitz constant of g. In particular, uniform rectifiability 
implies rectifiability. A set E C is called n-rectifiable (or uniformly n-rectifiable) if 'H'^\e 
is n-rectifiable (or uniformly n-rectifiable, respectively). 

We are ready now to state our main result. In the statement M{W^) stands for the Banach 
space of finite real Radon measures in equipped with the total variation norm. 

Theorem 1.1. Let be a uniformly n-rectifiable measure in R'^. Let K he an odd kernel 
satisfying © and, for p > 2, consider the associated variation operator defined in ([3]). Then 

VpoT>^LP{p.) ^ LP{p.) (l<p<oo) and VpoT : ^ L^’°^{p.) 

are bounded operators. In particular, Vp o : L^{p) L^’°°(/x) is bounded. 

The variation operator has been studied in different contexts during the last years, being 
probability, ergodic theory, and harmonic analysis three areas where variational inequalities 
turned out to be a powerful tool to prove new results or to enhace already known ones (see 
for example [D El El da El da [IH], and the references therein). Inspired by the results 
on variational inequalities for Calderon-Zygmund operators in R"" like mm , in m we 
began our study of such type of inequalities when one replaces the underlying space R” and 
its associated Lebesgue measure by some reasonable measure in R'^, being the Hausdorff 
measure on a Lipschitz graph a first natural candidate. In this regard. Theorem 11.11 should 
be considered as a natural generalisation of variational inequalities for Calderon-Zygmund 
operators in R” from a geometric measure-theoretic point of view. 

A big motivation to prove Theorem 11.11 is its connection to the so called David-Semmes 
problem regarding the Riesz transform and rectifiability. Given a Radon measure /x in 
R*^, one defines the n-dimensional Riesz transform of a function / G L^{p) by R'^f{x) = 
Re f (x) (whenever the limit exists), where 

Bef{x)= [ I ^ !i+i fiy)dKy), xGR'^. 

J\x—y\>e I® y\ 

Note that the kernel of the Riesz transform is the vector (x^,..., x‘^)/|x|”'’'^ (so, in this case, 
the kernel K in © is vectorial). We also use the notation TZ>^f{x) := {Re f{x)}e>o and, as 
usual, we define the maximal operator R^f{x) = sup^^g \Be f{x)\. 

G. David and S. Semmes asked more than twenty years ago the following question, which 
is still open (see, for example, [m Ghapter 7]): 

Question 1.2. Is it true that an n-dimensional AD regular measure p is uniformly n- 
rectifiable if and only if Rf is bounded in lP‘{p)? 



VARIATION FOR SINGULAR INTEGRALS ON UNIFORMLY RECTIFIABLE SETS 


3 


By [5], the “only if” implication of this question above is already known to hold. Also in 
[5], G. David and S. Semmes gave a positive answer to the other implication if one replaces 
the boundedness of i?* by the boundedness of Tl^ for a wide class of odd kernels K. 
In the case n = 1 the “if” implication was proved in m using the notion of curvature of 
measures. Later on, the same implication was answered affirmatively for n = d — 1 in the 
work [12] by combining quasiorthogonality arguments with some variational estimates which 
use the maximum principle derived from the fact that the Riesz kernel is (a multiple) of 
the gradient of the fundamental solution of the Laplacian in when n = d — 1. Question 
O is still open for the general case 1 < n < d — 1. However, thanks to Theorem 11.11 and 
m Theorem 2.3] we get the following corollary, which characterizes uniform rectifiability in 
terms of variational inequalities for the Riesz transform and more general Calderon-Zygmund 
operators. 

Corollary 1.3. Let ^ be an n-dimensional AD regular Radon measure in Then, the 
following are equivalent: 

(a) /i is uniformly n-rectifiable, 

(b) for any odd kernel K as in ^ and any p > 2, Vp o is hounded in L/‘{p) for all 
I < p < oo, and from L^{pl) into 

(c) for some p > 0, Vp o 7^^ is bounded in L?‘{p). 

Comparing Corollary 1 1.31 to Question ll.2l note that the corollary asserts that if we replace 
the L?‘{p) boundedness of R* by the stronger assumption that Vp o is bounded in 
then p must be uniformly rectifiable. On the other hand, the corollary claims that the 
variation for singular integral operators with any odd kernel satisfying ([T|), in particular for 
the n-dimensional Riesz transforms, is bounded in L'P{p) for all 1 < p < oo and it is of 
weak-type (1,1), which is a stronger conclusion than the one derived from an affirmative 
answer to Question 11.21 

The proof of (c) (a) in Corollary 11.31 is not as hard as the converse implications. 

Essentally, a combination of the arguments in [20] with the fact that, in a sense, Vp o TZ^ 
controls R* does the job (see HZ!)- Theorem 1 1.1 1 is used to prove that (a) (b) in Corollary 

Ol the corresponding result in |17] was only proved for p = 2. Theorem 11.11 allows us to 
get it in full generality, completing the whole picture on variation for singular integrals and 
uniform rectifiability. As far as we know, neither the estimates with 1 < p < oo nor the 
weak-L^ estimate for Vp o on uniform rectifiable measures p were known, except for the 
case p = 2 treated in m and the case where 1 < p < oo but suppp is a Lipschitz graph 
with slope strictly smaller than 1, solved in m- Let us stress that from the latter result one 
can not easily deduce the estimates on uniformly rectifiable measures (as in the standard 
situation in Calderon-Zygmund theory), basically because the good-A method does not work 
properly for Vp o T. To avoid this obstacle, our method relies on the corona decomposition 
technique combined with some ideas from the Lipschitz case in m and from [2] and [13| to 
deal with variational inequalities, as well as the result from |17| . 

Finally we wish to remark that the same techniques used to prove Theorem 11.11 yield the 
following result, which applies to more general Calderon-Zymund operators. See Section [S] 
for the proof. 

Theorem 1.4. For 1 < n < d, let p be a uniformly n-rectifiable measure in M'^. Let 
K : X \{{x,y) : X = y} ^ M. be a kernel such that 

\K{x,y )\<-— for all X y 
\x — y\^ 
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and 

\K{x,y) - K{x',y)\ + \K{y,x) - K{y,x')\ < 
for all x,x',y G with \x — x'\ < ^\x — y\. For e > 0, denote 


C \x — x'\ 
\x - 


Tf‘f{x) = T^{fy){x)-.= f K{x,y)f{y)dfj.{y). 

J\x-y\>e 


Let T^f = {Tt /}e>o (ind let (Vp o T^) he defined as in ([3]). If Vp o is bounded in L‘^{ia), 
then it is also bounded in IF^y) for 1 < p < oo and from L^{p) to L^’°°(/i). Also, VpoT is 
hounded from to 
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2. Preliminaries and auxiliary results 

2.1. Notation and terminology. As usual, in the paper the letter ‘C’ (or ‘c’) stands for 
some constant which may change its value at different occurrences, and which quite often 
only depends on n and d. Given two families of constants A{t) and B{t), where t stands 
for all the explicit or implicit parameters involving A[t) and B{t), the notation A{t) < B{t) 
(^(^) ^ B{t)) means that there is some fixed constant C such that A{t) < CB{t) (A(t) > 
CB{f)) for all t, with C as above. Also, A{t) « B{t) is equivalent to A{t) < B{t) < A{t). 

Throughout all the paper we assume that 1 < n < d are integers and that p is an n- 
dimensional AD-regular measure in Given a bounded Borel set A C and / € 
we write the mean of / on A with respect to p as follows: 

We consider the centered maximal Hardy-Littlewood operator: 

Mf{x) = sup mB{x,r)\f\- 

r>0 

This is known to be bounded in LP{p), for 1 < p < oo, and from M(]R'^) to For 

1 < (7 < oo, we also set 

MJ :=M{\fn^/L 

This is bounded in IF{fi), ioi q < p < oo, and from L‘^{p) to 
Given 0 < a < 6, consider the closed annulus 

A(x, a, b) := B{x, b) \ B{x, a). 

Given A: G Z, set 

4 := [ 2 -^- 1 , 2 -^). 

One defines the short and long variation operators Vp o and Vp o T^, respectively, by 
(Vp^ o rnfix) := sup ( \Tflf{x) - Tfi^^JixW 

(Vp^ O rnfix) := sup r \TtJix) - Tt^^J{x)fi 

for some j<k 






VARIATION FOR SINGULAR INTEGRALS ON UNIFORMLY RECTIFIABLE SETS 


5 


where, in both cases, the pointwise supremum is taken over all the non-increasing sequences 
of positive numbers {emjmez- Given a finite Borel measure v in M'^, one defines (Vp oT)u(x) 
and {Vp o 7”)u(x) similarly. For convenience of notation, given 0 < e < (5 we set 

(4) := Ts - and analogously. 

Let (/3 r : [0,-|-oo) —>■ [0,-|-oo) be a non-decreasing function with X[4,oo) < < X[i/4,oo) 

and set ipe{x) = . We define 

(5) T^e^{x) := J (feix - y)K{x - y) dv{y) for x € 

(with K{x — y) replaced by K{x, y) if K is as in Theorem ll.4l) . Finally, write 7^ := {T<p^}e>o. 
Compare the operator in ([2]) to 

Tev{x) = j Xeix - y)K{x - y) du(y), 

where Xe{-) := X(i,oo)(l ' lA), and the family % to T. 

2.2. Dyadic lattices. For the study of the uniformly rectifiable measures we will use the 
“dyadic cubes” built by G. David in [U Appendix 1] (see also [6l Chapter 3 of Part I]). These 
dyadic cubes are not true cubes, but they play this role with respect to a given n-dimensional 
AD regular Radon measure /r, in a sense. 

Let us explain which are the precise results and properties of this lattice of dyadic cubes. 
Given an n-dimensional AD regular Radon measure y, in (for simplicity, here we may 
assume that diam(supp;u) = oo), for each j € 7, there exists a family Vj of Borel subsets of 
supp/r (the dyadic cubes of the j-th generation) such that: 

(а) each Vj is a partition of supp/r, i.e. supp// = UgeD':' Q Q Ci Q' = 0 whenever 
Q, Q' € V^- and Q / Q'; 

(б) if (5 S and Q' G T>^ with k < j, then either Q C Q' ov Q H Q' = 0] 

(c) for all 7 G Z and Q G we have 2~^ < diam((5) < 2~^ and y{Q) ~ 2~^^; 

(d) there exists C > 0 such that, for all j £ 7, Q & and 0 < r < 1, 

y ({x G Q : dist(x, supp^ \ Q) < x2~^ }) 

^ ^ -|- y{{x G suppy \ Q : dist(x, Q) < t2~^}) < 

This property is usually called the small boundaries condition. From ([6]), it follows 
that there is a point zq £ Q (the center of Q) such that dist(zQ, supp// \ Q) > 2~^ 
(see [6l Lemma 3.5 of Part I]). 

We set := Given a cube Q £ Vj, we say that its side length is 2~^, and we 

denote it by i{Q). Notice that diam((5) < i{Q). For A > 1, we also write 

AQ = {x G snppy : dist(x, Q) < (A — 1) £(Q)}. 

We denote 

( 7 ) BQ:=B{zQ,cii{Q)), 

where ci > 1 is some big constant which will be chosen below, depending on other parameters. 
Let P{Q) denote the cube in 'Bj_i which contains Q (the parent of Q), and set 

Ch(Q) := {Q' £ : Q' C Q}, 

ViQ) := {Q' £ Vf : dist(Q',Q) < Cii{Q)} 
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for some constant Ci > 0 big enough (Ch(Q) are the children of Q, and V{Q) stands for 
the vicinity of Q). Notice that P{Q) is a cube from but Ch((5) and V{Q) are collections 

of cubes from It is not hard to show that the number of cubes in Ch((5) and V{Q) is 
bounded by some constant depending only on n and the AD regularity constant of //, and 
on Cl in the case of the vicinitiy. 

The following assumptions will be used in the sequel: ci in ([7]) is big enough so that 

QUBq^ C Bq for all Q' G Ch(Q) 

and Cl is big enough so that 

Bq n supp^ C \jQ'eviQ)Q'- 

Finally, we write 

lQ:=I, = [£iQ)/2,e{Q)). 

2.3. The corona decomposition. Given an n-dimensional AD regular Radon measure /i 
on consider the dyadic lattice introduced in Subsection 12.21 Following [ 6 l Definitions 
3.13 and 3.19 of Part I], one says that /r admits a corona decomposition if, for each rj > 0 
and 6 > 0, one can find a triple {B, Q, Trs), where B and Q are two subsets of (the “bad 
cubes” and the “good cubes”) and Trs is a family of subsets S C G (that we will call trees), 
which satisfy the following conditions:: 

(a) = ByjQ and Br\G = 0. 

(b) B satisfies a Carleson packing condition, i.e., YIqgb- QcR BiQ) ~ for all R € P^. 

(c) G = IjJsgTrs*^’ Q ^ G belongs to only one S € Trs. 

(d) Each S € Trs is coherent. This means that each S G Trs has a unique maximal 
element Qs which contains all other elements of S as subsets, that Q' Q S as soon 
as Q' G P^ satisfies Q C Q' C Qs for some Q G S, and that if Q G 5 then either all 
of the children of Q lie in S or none of them do (recall that if Q G P7, the children 
of Q is defined as the collection of cubes Q' G P^+i such that Q' C Q). 

(e) The maximal cubes Qs, for S G Trs, satisfy a Carleson packing condition. That is, 
^SeTrs-.QscRBiQs) < for all R G P^. 

(/) For each S G Trs, there exists an n-dimensional Lipschitz graph F 5 with constant 
smaller than 77 such that dist(x,F 5 ') < 0diam(Q) whenever x G 2Q and Q G S (one 
can replace “x G 2Q'’ by “x G C 2 Q” for any constant C 2 > 2 given in advance, by [HI 
Lemma 3.31 of Part I]). 

It is shown in [5] (see also m) that if /r is uniformly rectifiable then it admits a corona 
decomposition for all parameters k > 2 and r],6 > 0. Conversely, the existence of a corona 
decomposition for a single set of parameters k > 2 and r],8 > 0 implies that /r is uniformly 
rectifiable. 

We set 

Topg = {Q 5 : S G Trs} and Top = Topg U B. 

If 77 is uniformly rectifiable, then, by the properties ( 6 ) and (e) above, for all R G P^ we 
have 

E h{Q)<h{R)- 

QeTop:QcR 

If P G S' for some S G Trs, we denote by Tree(P) the set of cubes Q G S such that 
Q C R (the tree of R). Otherwise, that is, R G B, we set Tree(P) := {R}. Finally, Stp(P) 
stands for the set of cubes Q G B U {G \ Tree(P)) such that Q C R and P{Q) G Tree(P) 
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(the stopping cubes relative to R), so actually Q C R. Notice that if R G B, then we have 
Stp(ii) = Ch{R). 

2.4. Auxiliary results. The following lemma follows directly from [211 Lemma 2.14] (see 
also m Lemma 2.2] for the case of Lipschitz graphs). 

Lemma 2.1 (Calderon-Zygmund decomposition). Let ^ be a compactly supported uniformly 
n-rectifiable measure in For every positive measure v € M{W^) with compact support 
and every A > 2 '^+^||u||/]|/i||, the following hold: 

(a) There exists a finite or countable collection of cubes {Qj}j centered at suppu which 
are almost disjoint, that is XQj < C (with C depending only on d), and a function 
f G L^{h) such that 

( 8 ) u{Qj) > 

(9) ^ivQj) < 2~‘^~^Xp.{2r]Qj) for r] > 2, 

(10) u = //i in \ n with \ f\ < X la-a.e, where VL = [fijQj- 

(b) For each j, let Rj := 6Qj and denote wj := XQj {'l2kXQk)~^■ Then, there exists a 
family of functions {bj}j with suppbj C Rj and with constant sign satisfying 

( 11 ) J bj dp, = J Wjdv, 

( 12 ) \\bj\\L^(p)P{Rj) <Cv{Qj), and 

(13) Ylij\bj\ ^ C'oA, where Cq is some absolute constant. 

Let us remark that the cubes in the preceding lemma are “true cubes”, i.e. they do not 
belong to 

Notice that from Q it follows that 4:.5Qj H supp/r 7 ^ 0, which implies that 

(14) p{r]Qj) PS £{r]Qj)^ for rj > 5 such that i{r]Qj) < diam(supp/i). 

Additionally, if we assume that 

(15) SUppU C Z^diam(suppM)(supp/x), 

where UfiA) stands for the t-neighborhood of A, then we infer that i{Qj) < Cdiam(supp//), 
for all j and for some absolute constant C. Otherwise, for C big enough we would deduce 
that 

supp^ U suppu C 2Qj , 

and thus p{2Qj) = ||^|| and n{Qj) < ]|u||, so by l] 8 |) 

||u||> 2 -''-iA||/r||, 

but this contradicts the choice of A. In particular, under the assumption (11511 . we infer that 

(16) 

We will need the following version of the dyadic Carleson embedding theorem. 

Theorem 2.2 (Dyadic Carleson embedding theorem). Let p be a Radon measure on 
Let V be some dyadic lattice from and let {aglgex* be a family of non-negative numbers. 
Suppose that for every cube R gV we have 

(17) ^ aQ<C3p{R). 

QeViQcR 
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Then every family of non-negative numbers {tq^q&v satisfies 



Also, for p € (1, oo), if f e LP{p), 

(19) ^ cc3||/||^p(^), 

Q&v 

where niQf = Jq f dp/p{Q) and c is an absolute constant. 

In the preceding theorem, the lattice V can be, for example, either the usual dyadic lattice 
of or, in the case when p is AD-regular, the lattice of cubes associated with p. For the 
proof of this classical result, see ED Theorem 5.8], for example. 

We say that C C P is a Carleson family of cubes if 

p{Q) < C 3 p{R) for all R ^V. 

Q&c-.QcR 

By (1191) . it follows that for such a family C and any / € LP{p), 

\P^Qf\^ l^iQ) ^ CC3||/||^J,(^^. 

QgC 


Lemma 2.3. Let u £ M (M'^) be a positive measure with compact support and X > 2*^^^ jjz/ 
Consider cubes {Qj}j and {Rj}j as in Lemma l2.11 Denote 

Vb := ^ {wju - bjp ), 


where the bj’s satisfy (|lll) . (|12p and (ini), and Wj := yg. {Y.kXQk) C C be a 

family of cubes and {a5}5gc be a family of non-negative numbers such that 

( 20 ) ^ as<C3p{R). 

SeC-.ScR 

For each S £ C consider the ball Bs given by (0; so it is centered on S, S C Bs and 
r{Bs) ~ ^(5')- Suppose that there exists some constant c > 0 such that for each S £ C, the 
ball cBs contains some cube Rj. Then, for every p £ (1, oo), 


( 21 ) 

and 

( 22 ) 




See 




Sec 


with the implicit constants depending on p, cs, and c. 


In particular, this lemma applies to the case when ag = 1 for all (S' € C and C is a Carleson 
family satisfying the additional conditions stated in the lemma. 


Proof. First we will show (|21ll . By (IlSp in Theorem 12.21 one gets 


(23) 


^ a 5 <C 3 / sup. 


I ^6|(B5) Y 

of C\n I 


dp(x). 
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Write 


Ufe = ^ WjU and 9 = '^ bj, 


so that, for every S G C, 

Wb\{Bs) < Vb{Bs) + [ gdn- 

Jbs 

Note that the measure uj, and the functions bj, g are positive because u is assumed to be a 
positive measure. By (1231) then we have 


fWb\{Bs)\^ <r f f ^b{Bs)\^ ^ I 


x) + I (supmBsff) dg,{x), 


where mssg = g dg/g{Bs) and we have taken into account that g{Bs) ~ 

To deal with the last integral on the right hand side of (I24p we use the non-centered 
maximal Hardy-Littlewood operator defined by 

Mf{x) = sup j \ f\dg, 

bbx g{B) Jb 

where the supremum is taken over all the balls which contain x and whose center lies on 
supp/i. Recalling that Ai is bounded in and using that || 5 ||l“(/x) < cA (by (fTBIl l and 

WMLHfi) < c\W\\ (by ([E])), we obtain 


(25) 


supmg^g'^ dg{x) < c f (Aig)^ dg <c f g^ dg < cX^ ^ [ gdg < cX^ ^ ||u| 

S^x J J J J 


Now we turn our attention to the first integral on the right hand side of (|24p . We write 

h{Bs)Y 


I7x J 


dg{x) = / 


To estimate Ii, we claim that 


Uj 2<3,' 

I'bjBs) 

i{S)^ 


... + 


< A. 


iRAUj 2Q, 


...=:/i+/2. 


This follows from the fact that cBg contains some cube Rj, which in turn implies that, for 
some T/ > 6 with g « i{S)/£{Qj), Bs is contained in some cube gQj with £{gQj) £{S), 
and then 

h{Bs) ^ v{gQj) 

£{SY ^ 

which together with (fT4p and (l9|) yields the claim above. Then, using also ([8]) and the fact 
the cubes {Qj}j have finite overlap, we deduce that 

h < XP ^gi2Q,) <XpY^ ^ < A^’-i ||u||. 
j j 

Finally we deal with the integral R- Consider x € \ (J^. 2Qj and S such that x € S G C 

(which, in particular, tells us that S \ (J^- 2Qj ^ 0). Notice that 

YBs) < v{Qi). 

i:QinBs^0 
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From the conditions Qi n Bs 7 ^ 0 and S \ IJ^- 2Qj ^ 0 , we infer that r{Bs) > So we 

deduce that Qi C c^Bs, for some constant C 4 > 1. Hence, 

hiBs) < ^ bi d/U, 

i-Qia. C4 Bg 'i-QiCZ. C4 Bg 


where we used m for the last estimate. Observe now that if Qi C c^Bs-, then Ri C c^Bs, 
for some absolute constant C5 > C4. So recalling that g = Ylj bj, we obtain 


n{Bs) < [ 

J c^Bs 


Therefore, 


£(5)" 

for every x € S. So arguing as in 


~ KBs) 


csBs 
we deduce that 


gdg, 


gdg< Mg{x) 


-^2 < y {Mg{x))'P dKx) < AP ^ ||z^||. 

Together with the estimate we obtained for Ji, this yields 

/few)”"'**"’-""'"""' 

and so using (f 2 ^ we get m- 

In order to show (l 2 ^ . recall that i' = i^b + fg with / as in (fTOll . Thus, 


’^iBs) = MBs)+ / fdg<i^biBs) + mBsf^{Sy 


IBs 


and then 
(27) 


f i^{Bs)\^ ^ f Ub{Bs)\^ ^ 


V ^(s)^ J 


as- 


Sec ^ ' Sec ^ ^ ' Sec 

We easily get (1^ from (1^ , combinig (fTS|) and (fTU|l in Theorem 12.21 with (p5|) and the fact 
that ||/||ip(^) < AP-i||z^|| by (HU]). □ 


Let ^ be a uniformly n-rectifiable measure in M'^. Consider the splitting T>^ = B U 
(l+lTgTrs^) given by the corona decomposition of g. For a fixed constant H > 1, we denote 
by dT the family of cubes Q gT for which either Q = Qt with Qt as in (d) in Section [2.31 
or there exists some P G \ T such that 

(28) i 1{P) < eiQ) < 2i{P) and dist(P, Q) < A£{Q). 

We call dT the boundary of T. If T = Tree(i?), with R € Topg, we also write clTree(d?) := 
dT. We set 

0Trs:= IJ dT. 

TeTrs 

Notice that dT C T. 

The following lemma has been proved in (U] (3.28) in page 60]. 

Lemma 2.4. Let g be a uniformly n-rectifiable measure in M'^. The family cITrs is a Carleson 
family. 

We will also need the following auxiliary result. 
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Lemma 2.5 (Annuli estimates). Assume that the constants r] and 9 in property (/) of 
the corona decomposition (see Section ESP are small enough. Let Q G T>^, x G Q and 
€ G [^(Q)/2,£(Q)]. Let k G Z be such that 2~^ < 1{Q). Given R G V(Q) and C > t), denote 

Ak := |P € Tree(P) U Stp(P) : i{P) = 2-^ P C A{x, e - C2-^ e + C2-'=)| . 


Then 

( 29 ) 

where the implicit constant in the last inequality above only depends on n, d, fa and C. 

In the lemma, if e — C2~^ < 0 we set A{x, e — C2~^, e + C2~^) := B{x, e + C2~^). For 
the proof, see m Lemma 5.9]. In fact, in this reference the annuli estimates are proved 
only for R G Q. However, for R G B, the inequality ()29ll is trivial. Further, in m Lemma 
5.9] one states that the result holds only for some constant C depending on n, d, and the 
AD-regularity constant of p, and with a slight difference in the definition of V{Q). However, 
it is trivial to check that this extends to the more general version above. 


3. VpoT : M(]R‘^) —)■ L^’°°{p) IS A BOUNDED OPERATOR 
In this section we will prove the following result. 

Theorem 3.1. Let p be a uniformly n-rectifiable measure in Let K be an odd kernel 
satisfying © and consider the operator T associated to K defined in ©■ Then, for p > 2, 

{i) Vp oT : M(M'^) L^'°°{p) is bounded, 

(ii) Vp oT '■ M(M'^) —> L^’°°{p) is bounded. 

In particular, VpoT is a bounded operator from M(M'^) to L^'°°{p) for all p > 2. 

Notice that by the triangle inequality we can easily split the variation operator into the 
short and long variations, that is, (Vp o T^)f < (V^ o T^)f + (Vp o T^)f. Therefore, that 
Vp o 7” is a bounded operator from M(K'^) to L}’°°{p) for all p > 2 follows from (z) and (ii) 
above, whose proofs are given below. 

We will use the next result, which is contained in m Theorem 1.3 and Corollary 4.2]. 

Theorem 3.2. Let p he a uniformly n-rectifiable measure in Let K he an odd kernel 
satisfying and consider the operator T associated to K defined in m- Then, for p > 2, 

(i) Vp o : L‘^{p) —> L'^{p) is bounded, 

(ii) VpoRp : M(M'^) ^ L^'°°{p) is bounded. 

Proof of Theorem 13.H izL We will deal with the long variation Vp o 7” by comparing it with 
the smoothened version Vp o 7^, using Theorem l3.2H iL estimating the error terms by the 
short variation Vp o7~, and applying Theorem 13.H fzl. More precisely, the triangle inequality 
yields 


]r,u(x) - Tsn{x)\ < lTp,u(x) - Tp^u(x)] + \Rn{x) - T^^n{x)\ + \Tsn{x) - T^^n{x)\ 
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for any 0 < <5 < e. Therefore, 

((Vp o T)v{x)Y < ((Vp o %y{x)y 


(30) 


< 


+ sup ^ (\T^^u{x) - T^^^u{x)\P + \T^^^^u{x) - 

{ rnG'^'. ^ 

for some j<k 

{{VpoTYt^{x)y + sup ^ |T,^z^(x) 

{em}: emS/m 
for all mEZ 


Let US estimate the second term on the right hand side of (f30|) . Since X[ 4 ,oo) < V’R < 
X[i/ 4 ,oo) by definition, we have 

X[i,oo)(^) ¥^r(^) / ¥^r(s)(X[ i,oo) X[s,oo))(^) ds 

Jl/A 


for all t > 0. This means that X[i,oo) — ¥^R is a convex combination of the functions X[i,oo) “ 
X[s,cxd) for 1/4 < s < 4. Then, Fubini’s theorem gives 


r,z/(x) - r<p^z/(x) = / lx[i,^){\x-y\‘^/eY - ipmilx-y\'YeY]K{x-y)diy{y) 


|2 /,2 


(31) 


V5r(s) j (X[e,oo) - X[.Vi,oo))(|a; - y\)K{x - y) dv{y) ds 
^ '/^r(s) (r^i'ix) - T^^u{x)j ds. 


It is easy to see that 
(32) 


i/p 


\T,Mx)-T,^V-s’^ix)\n < (V^oTMx) 

mEZ ^ 

for all s € [1/4,4] with uniform bounds, where {emjmez is any sequence such that € /„ 
for all m G Z. Using m, Minkowski’s integral inequality and (132 p . we get 

^Ip 


(33) 


sup f IT,^!^(x) - ip(x) 1^") 

elm \ •W) C ' 

M / \ Ijp 

sup / ip'^{s)['^\T^^v{x)-T^^^^u{x)\P\ ds 

I: erriE/m '^1/4 \ / 


{tmj.tm^-im \ rn& 
for all mSZ 


Um} - 
for all mSZ 

rA 


< 

rsj 


[ V^R(s)(Vp o T)iy{x) ds < {vf O T)v{x). 
Jl/A 


Finally, applying (f33l) to ([HUp yields 

(Vp^ o T)ip{x) < (Vp o TYu{x) + {Vf o T)u{x), 

and Theorem 13.ll iU follows by Theorems l3.2l iU and LS.lf U. □ 

Proof of Theorem Elli). We have to prove that there exists some constant C > 0 such that 


( 34 ) 


C 


/r({x G : (Vp o T)v{x) > A}) < — \\v 

A 
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for all u G M (M'^) and all A > 0. The proof of (1341) combines the C alder on-Zygmund decom¬ 
position developed in Lemma ITTI the corona decomposition of /r described in Subsection 12.31 
and other standard techniques for proving variational inequalities. We will start following 
the lines of the proof of |15l Theorem 1.4], until the application of the corona decomposition. 

Since Vp o 7” is sublinear, we can assume without loss of generality that u is a positive 
measure. Let us first check that we can also assume both fi and u to be compactly supported. 
Given u G M(]R'^) and M G N, set 

:= Xb{o,2M)^- 

If diam(supp/u) < -|-oo then fi is compactly supported. In case diam(supp^) = -|-oo we are 
going to restrict /r to a set Kn C such that it is still uniformly rectifiable (with 

constants independent of N). For this purpose, for each N consider the family of cubes 
G i G In, (thus £{Pf) = 2^ for all i G In) such that 5(0,2^) n ^ 0. We 

denote 

Kn = U ^ A^Ia'jv 

i&lN 

It is immediate to check that ^i\pN is uniformly rectifiable for each i, N . Since Kn is a finite 
union of uniformly rectifiable sets (because 4)^1 n is uniformly bounded), /iat is also uniformly 
rectifiable, with constants independent of N . 

Suppose that there exists some constant C > 0 such that 

^lN{{x G M'' : (Vp o T)vm{x) > a}) < y IIumII 

for all A > 0, all u G M(M‘^) and all M, G N. This implies that 

(35) ii{{x G 5(0, 2"^) : (V^ o T)um{x) > >^}) < J M 

for all A > 0, all u G M(M‘^) and all M, G N. It is not hard to show that 

|(V^ o T)u{x) - {Vf o T)un{x)\ < \ 5(0, 2^)) 

for all X G 5(0, 2^) and all M > A^ > 1. In particular, if M —oo then (V^ o T)i'm{x) — 
(Vp oT)u(x) uniformly in 5(0,2-^). Since (l35]) holds for um by assumption, we deduce that 
it also holds for u. Now, by letting A^ —)• oo and using monotone convergence, (I35|) with I'm 
replaced by u yields (I34p . as desired. In conclusion, for proving the theorem, we only have 
to verify (|34p when /r and u have compact support. Moreover, since (1341) obviously holds for 
A < 2'^+^||u||/||^||, we can also restrict ourselves to the case A > 2^^+^11^11/11/211. 

We are going to verify that we can assume (|15l) . which will allows us to use m in the 
sequel, when we pursue the Calderon-Zygmund decomposition of u with respect to //. Let 
M := diam(supp/ 2 ) < -|-oo and set Vc '■= XRd\WJ^^(supp/i)^• Then dist(suppuc, supp/r) > M. 
By Chebyshev’s inequality, 

)i/c(x) > X}) <jJ{Vp oT)i2c{x)dfi{x) 

X - y\-"^ duc{y) d^i{x) < ||uc||||/i||. 

For any x G supp/r, ||/ 2 || = y{B{x, M)) < M” by the AD regularity assumption on /r. Thus 
((36P yields 

/x({x G : (Vp o T)vc{x) > A}) < y Ijucll < y ||u||, 


(36) 


y{{x G 


(vf 


< 


c 


(37) 
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with C independent of M. Note that u = t'c+(z^ — t'c) and supp(z^— I'c) C Z//diam(supp/i) (supp/i) . 
Using that Vp o T is sublinear and (|37p we see that, in order to prove the theorem, it is 
enough to show that 

/i({x G : (Vp o T){i' - Vc){x) > A}) < y ||z^||, 

that is, we can assume that v satisfies (|15l) . In conclusion, for proving (|34l) . from now on we 
assume that both fi and ly are compactly supported and they satisfy (fTCIl . 

Let {Qj}j be the almost disjoint family of cubes of Lemma l2.11 and set Q := |J^- Qj and 
Rj := ()Qj. Then we can write u = gjjL + with 

j j j 


where the bj’s satisfy (fTT]l . (fT^ and (fT^ . and Wj := XQj {YlkXQk)~^■ Since (fT^ holds, in 
the sequel we can also assume that (fT6]l holds. 

Since Vp o T is sublinear, 

: {V^oTMx)>X}) 

: {Vf oT>^)g{x) > \/2}) + fi{{x : {Vf o TH{x) > \/2}). 

We obviously have Vp o < Vp o T^, so Theorem l3.2r U yields that Vp o is bounded in 
Note that j^l < CA by (fTU|l and (fTH|l . Hence, using (fT^ . 


(39) 


n{{x € M"* : (V^ o T^)g{x) > A/2}) < ^ J |(V^ o T>^)g\‘^ dfi < ^ j {gl"^ dg 

<jJ\9\dg< \ + \bj\dfi^ 


Set XI := Uj 2Qj. By dS]), we have /i(H) < 9(‘^Qj) < A ^ ^{Qj) ~ ^\W\\- We are 

going to prove that 

(40) fi{{x G M-' \ H : (Vp^ o T)Mx) > A/2}) < M. 

Then follows directly from P5|l . (15^ . (^01) and the estimate < A“^||i/|| above- 

mentioned, finishing the proof of Theorem EHi). 

To prove (140 p , given x G \ H we first write 

(41) °T)iyb{x) < {Vf oT)(^'^X2Rj{x)iyl^{x) + {Vf °T)(^Y1 Xmd-\ 2 Rj{x)iy{^ {x). 

Notice that X 2 Rj (x) and XR'i\ 2 Rj (x) are evaluated at the fixed point x on the right hand side. 

The first term on the right hand side of (|41l) is easily handled using the L^(/i) boundedness 
of Vp o and standard estimates. More precisely, since Vp o T is sublinear, 

o "T") f '^X2Rj {x)t^I\ (x) 

^ j ^ 

< Y1 A2i?i (a;)(Vp o T^)hj{x) + X2Rj {x){vf O T’^)Wj{x) 
j j 


(42) 
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because = Wjiy — bjfj,. On one hand, using Theorem 13.2f O. that fj,{2Rj) < (by (fTHjl i 

and m, we get 

[ (V^oTnbjdf, <( [ liV^oTnbjl^dfj) ' 

(43j J2Rj \J2Rj J 

^ < \\bj\\L^^^)fi{Rj) < v{Qj). 

On the other hand, if x G 2Rj \ 2Qj then dist(x, Qj) ^ ^(Qj)- Therefore, given A: G Z, 

(44) B{x, 2-^) nQj = 0^ dist(x, Qj) > 2"^ ^ e{Qj) > 2"^ 

Since the t'^-norm is not bigger than the t'^-norm for p > 1, and since supptCj C Qj and 
ItCjl < 1, from and ([1|) we get 

(V^ o 'r)wj{x) < sup Y, Y 

{cm} ejyi,em+l^Ik 

< UQi) E ~ UQ,)mj)-'', 

keZ: B{x,2-*=)r\Qj^0 

and therefore, using again that p{2Rj) < p{Rj) ~ ~ ^{Qj)^ by (fTbl) . we obtain 


(45) 


(V^ o TQwj dp < u{Q,)i{Qj)-^p{2Rj) < u(Q,) 


J2Rj\2Qj 

Finally, applying (H3jl and (Hbli to (H2I1 . we conclude that 


(46) 


[ °'R)(Yx2Rj{x)Ri){x)dp{x) 

jR^\n \ j J 

J2R^ ■ J2Ri\2Qi 


U . 


J -3 J -3 \ '■<3 J 

Thanks to (HTIi . (HHIl and Chebyshev’s inequality, to prove (|in|) it is enough to verify that 

(47) //^|xGM'^\n : (V^ o T) ^ ^ (a^) > V4|^ ~ 

Our task now is to prove (H71) . Given x G suppp, let {em}mez be a non-increasing sequence 
of positive numbers (which depends on x, i.e. €m = ^m{x)) such that 

(48) (VfoT){y^ 

XR‘i\2Rjix)l^f]{x) < 2(Y^ E |E^K'^\2-Rj 1 


Typically, the problem of the existence of such a sequence can be avoided by defining an 
auxiliary operator Vpj o T along the same lines of Vp o R and requiring the supremum to 
be taken over a finite set of indices I (thus the supremum is a maximum in this case). One 
then proves the desired estimate for j o T with bounds independent of I and deduces the 
general result by taking the supremum over all finite sets I and using monotone convergence. 
For the sake of shortness, we omit the details. 
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Define the interior and boundary sum, respectively, by 


Si{x) ■=(Y1 

■ kez em,em+l&Ik j-. RjCA{x,em+l,<im) 


p\l/p 

XR‘i\2Rjix)T^ 

771 1^771 + 1 ) 5 


Sb{x):=iY^ Y XR<l\2Rjix)Te„,,em+yb{x) 


keZ em,em+l&Ik j-. Rjr\dA{x,em+i,>im)^l2 

If Rj n A{x, €m+i,em) = 0 then (^) = 


p\ 1/p 


(Vp ° '7') f X] j (®) < 2(5'i + Sb) 

^ j ^ 

by (H5D and the triangle inequality, and so 

gR‘^\D : {Vf oT)(^YxR‘i\2Rjixyb'^{x) > 


(49) 


< /u({x G \ D : Si{x) > A/16}) + /i({x G \ D : Sb{x) > A/16}). 


To estimate /u({x G R'^ \ D : Si{x) > A/16}) we use the fact that the ^^-norm is not 
bigger than the £^-norm for p > 1, and that supp(p'/) C Rj: 


(50) 


Siix)<Y Y XR<i\2R^ix)T,^^,^^,nl{x) 

meZ j-RjCA(x,em+l,<im) 

< y] XRd\2R, (a:) Y l^6m,€^+ii"b(a;)l < y]xRd\2R, (a^)|7'i^fe(a^)l> 

j m&Z: A{x,em+i,tm)^Rj j 


Recall that u^Rj) = 0 and ||t'/|| < v{Qj) by (fT^ . Thus, if Zj denotes the center of Rj, we 
have 


jR‘i\2Ri 


< 


/R‘^\ 2 i?j JRj 


(51) 


\K{x -y) - K{x - Zj)\d\izl\{y)dji{x) 

\y - 


[ [ d\vl\{y) diM{x) 

Jr<^\2R^ Jr. 


< WiA 




\x-Zj\^+^ 

m) 

lx - 


dfJ-ix) < ||z^/|| < i^iQj)- 


Finally, from Chebyshev’s inequality, O and (15X1) we conclude that 

(52) /7({x G R'^\D : S’i(x) > A/16}) < y ^ / \T^b\dy < ^ 


By (IMD, (l^2|) and Chebyshev’s inequality once again we see that, in order to prove (1471) . 
it is enough to show that 



The proof of this estimate is much more involved than the previous ones and requires the 
use of the corona decomposition of /i, that is, we need to introduce the splitting Pi* = 










VARIATION FOR SINGULAR INTEGRALS ON UNIFORMLY RECTIFIABLE SETS 


17 


^ U (l+JggTrs 5'). We denote 


Tj,mix) := XR‘i\2Rjix)T^^,e„,+ybix). 

Recall that for P G we write Ip = ,2~^). Since p > 2, the £^-norm is not bigger 

than the £^-norm, and we get 

2 


(54) 


j sUi>.<Y,j _ E E 

® PeB em,<^m+i&Ip .7: Pin 9 Afx,e™,j.i ,er„)5^0 


dp{x) 


+ EE/, E 


5eTrs Pe5 ■' em,em+lS/p j: RjndA{x,ern+l,f-m)j^0 




dp{x) 


Observe that 


(55) \Tj^rn{x)\<I{P) '^XK.d\ 2 Rj{x)\vi\{A{x,em+i,em)) 

for all Cm, Cm+i € Ip. If in addition x G P \ 2Rj and Rj n dA{x, €m+i,em) ^ 0, taking into 
account that ~ Cm+i ~ ^{P) ^ dist{x, Rj) > I{Rj), we deduce that 


(56) 


Rj C Bp, 


assuming the constant ci in ([7|) big enough. 

Concerning the first term on the right hand side of ()54p . from ()55p and using that ||u^ || < 
u(Qj), that the Qj’s have bounded overlap and that Qj d Bp for all j such that Rj C Bp, 
we get 


(57) 



E 


Tj,m{x) 

j I Rj C\d A.{x ^€rYi-\-l 


2 

dp{x) 


sE/( E E 

p^tsIP ^em^f^m + ielpj-.RjCBp 


2 

dp{x) 


< 

rs_/ 


E 

PeB‘ 


E 

j: RjCBp 



2 

dp{x) < 



W<A||u 


where we also used Lemma I2..SI in the last inequality, because B is a, Carleson family. 

From now on, all our efforts are devoted to estimate the second term on the right hand 
side of (IMl) . 


Claim 3.3. Assume ci in © is big enough, and let also a > 0 be big enough depending on 
n, d, and on the AD regualrity constants of p. Given Q € Topg, P € Tree((5) and Rj C Bp, 
at least one of the following holds: 

(i) There exists R € Tree((5) such that R C aBp, Rj C Bp and i{Rj) G Ip. 

(ii) There exists R G dTree(Q) such that R C aBp and Rj C Bp. 


We postpone the proof of the preceding statement till the end of the proof of the theorem. 
Thanks to this claim, given Q G Topg and P G Tree(Q) we can split 

{j : Rj C Bp} cJiU J 2 , 


where 

di '■ = {j '■ Rj C Bp, 3R G Tree((5) such that R C aBp, Rj C Bp, I{Rj) G Ip}, 
J 2 ■ = {j ■ Rj C Bp, 3R G dTree{Q) such that R C aBp, Rj C Bp}. 
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Recall that if x € P \ 2Rj, G Ip and Rj H dA{x,em+i,€m) ^ 0 then Rj C Bp 

(see (t56]l l. Thus, we can decompose the second term on the right hand side of (fSTll using R 
and J 2 as follows 


(58) 


EE 

5eTrs Pes 



Tj,m{x) 

j: RjndA{x,em+i,em)j^0 


2 

dRx) 


SEE 

QeTopg PeTree(Q) 



Tj,m{x) 

j&Jv- RjndA{x,em+i,em)i^0 


2 

dfj,{x) 


+ E E 

QeTopg P6Tree((3) 



is J 2 : Rjr\dA(x,trn + l,(-m)¥^0 


2 

dfi{x). 


Despite that the arguments to estimate both terms on the right hand side of (I58p are similar, 
we will deal with them separately, due to its different nature with respect to the structure 
of the corona decomposition. 


Claim 3.4. Let Q, P, x, and tm+i he as on the right hand side of (l58l) . ITe have 


E 


Wh I €m+l) €m)) 


(59) 


j&Jv- Rj0dA{x,em+i,em)i^0 


/ o—fc \ 1/2 

<A«(P)“ KI(A(i,wi,«».)). 


k:2-^<l{P) 


V{P)) 


j&Jr.t(Rj)&Ik 


Given j E J 2 , denote by R{j) E (9Tree((5) some cube such that R{j) C aBp and Rj C Bp^^j'^, 
where a > 0 is as in Claim We have 


(60) 


Wl\{Mx,em+l,em)) 

jGJ2. RjndA{x,em+l,em)^0 


2 


< Al/2f(p)»/2„(Bp)l/2 ()|§)'^kl(PHnAl(l,E„+l.£m)). 

Pe9Tree(Q): ieJ 2 ; ^ ^ 

RCaBp Rij)=R 


Again we postpone the proof of the preceding claim till the end of the proof of the theorem. 
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For the case j G Ji in ([581) , using (l5^ , (l5^ and (l56]l we get 


E E 

QeTopg PeTree(Q) 



j&Jl'. RjndA(x,em + i,fim)^0 


2 

dfi{x) 


(61) 


SA E E <<G"" 

QeTopg PeTree(Q) 



X / ^ ^ 

em,e^+l&Ip k:2->^<£{P) 

im 

] 2 ^ \l{\{A{x,em+l,ern))d^J.{x 

^ j&Jr.£{Rj)&Ik 

E E E ( 

n-fc \ 

1/2 

m) 


QeTopg PgTree(Q) k: 2-'=<£(P) ^ 

jeJi:£(Rj)eik 


/ o—k \ 1/2 

j k:£{Rj)ehP&R'^:RjCBp ^ ^ j 

2-'=<£(P) 


In the third inequality we used that j G Ji implies that Rj C Bp. 
Concerning the case j G J 2 in (IMjl , by (|5^ and (l60]l we see that 


E E 


E 


QeTopg P6Tree(Q) €^,e^+i&Ip 


j&J2. RjndA{x,em + l,^m)¥=0 


dfi{x) 


ai/2 ^ 

QeTopg PeTree(Q) \ V ^ / 


^ ^ Y1 Y1 Y1 H\iBRnA{x,em+i,e„,))dfj,{x) 

tm,tm+l&Ip R&dTTee{Q): j£J 2 '. 

RCaBp Rij)=R 

5^*'= E E (iMT E 


QeTopg PeTree(Q) 


A*'^ E E 


\liPY ) ^ ^ \£(P) 

^ ^ Pe(9Tree(Q): jeJ 2 : ^ ^ ' 

RCaBp R{j)=R 

1/4 


QSTopg P£Tree(Q) R£dTtee(Q): R<ZaBp 
3Rj(ZBp 


w /l(EV''VUMV''VhMErm" 

^ \1{P)) \^{PY) \1{RY ' 
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where we also used in the last inequality above that ||i^^|| < i^{Qj) and that the Qj's have 
bounded overlap. Since + 6 ^/^ for all a,b >0, we obtain 

2 


E E 


E 


QeTopg PeTree(Q) Cm.^m+lS/p 


E 


Tj,m{x) 


JS J 2 : RjndA{x,€m+l,<:m)¥^0 


dfj,{x) 


E E 


E 


QSTopg P£Tree((3) Ps9Tree(Q): RdaBp 
3RjCBii 

3/2 


thMVE 

vwj VWV ivwj * 




QeTopg PgTree(Q) 
BRjCcBp 


\£{P)^ J 


QeTopg PeaTree(Q) 
3RjCBp 


J 


where we have set ap := Y^R^gp^eeiQ):RcaBpi^i ^)whenever P e Tree(Q) for 
some Q G Topg (otherwise, we set ap = 0). Since 5Trs is a Carleson family, we see that the 
Op’s satisfy a Carleson packing condition because, for a given T € 2?^, 


Eop^E E E 

PCT QsTopg: PsTree((3) Pg9Tree(Q): RCaBp 


PCT 




e{Ry 


E 

PCT RedTrs: RCaBpCaBp 


< E 

Pe9Trs: RCaBp PcT: RdaBp 


(§)"■««■ 


£(22)- < £(T)^ 


i^G^Trs: Rda.Bj' 


Therefore, 


E E 


E 


(62) 


QeTopg PgTree((3) emXn^+l&Ip 


E! Tj,m{x) 

j&J2'. RjC\dA{x,trn + lXm)i^<2 


dfi{x) 




PeP'" 


because the coefficients ap + £(P)-X9Trs(2^) satisfy a Carleson packing condition and thus 
we can use Lemma ESI 

Finally, (1^ follows from ([^ . (f57D . (|^ . (lUTI) and (I52|l . so Theorem I3.1lf /1 is proved 
except for the claims. □ 


Proof of Claim [5Sl Let Q G Topg, P G Tree((5) and Rj C Bp. For the purpose of the 
claim, we can assume that i(Q) > (-{Rj), otherwise we can take R = Q which fulfills {it). 
Without loss of generality, we can also assume that i{P) > (.{Rj) (recall that Rj C Bp, so 
({P) P ({Rj)). Otherwise, we replace P by a suitable ancestor from Tree((5) with side length 
comparable to ({Rj), which must exists thanks to the previous assumption ({Q) > ({Rj)- 
Let R G Tree((5) be a cube with minimal side length such that Rj C Bp and ({R) > ({Rj), 
that is, ({R) < ({S) for all S G Tree((5) with Rj C Bs and ({S) > ({Rj). In particular, 
notice that P may coincide with R, and in any case ({R) < ({P)- If ({Rj) £ Ir, that is 
({R) > ({Rj) > ({R)/2, then R fulfills (f) if a is big enough, and we are done. On the 
contrary, assume that ({R)j2 > ({Rj). Since Rj C Bp and Rj O supp/i / 0, there exists 
R' G such that ({R') = ({R), dist(P', R) < ({R) and R' CiRj y 0. Therefore, there exists 
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a son R" of R' such that R" f] Rj ^ 0, so Rj C -B/j" if ci is big enough. By the minimality 
of R, we must have R" ^ Tree((5), thus R G 9Tree((5) if ^4 > 1 in (f28]l is big enough, and 
then (ii) is fulfilled for some a big enough. □ 


Proof of Claim [3~il Let us first prove ([59]) . If j G Ji then Rj C Bp and, in particular, 
i{Rj) < ^(B). Thus, by Cauchy-Schwarz inequality. 


E 


\^b ICm+1) €m)) 


j£jv- Rjr\dA{x,£rn+l,<^m)j^0 


(63) 


E 


2-fc \ 1/4 /^(P)\ 1/4 

W)) 


X] Wl\{A{x,em+i,em)) 






s E (^) 


1/2 


^ ^ Cm+l) £m)) 


jGJi:£{Rj)Glk 

Rjr\dA(x,£rn+l,£m)j^0 


Using that |u^|(A(x, Cm+i, Cm)) ^ ^iQj) and that the Qj's have bounded overlap, from the 
definition of Ji we see that 


(64) 


^ \vl\{A{x,e„^+i,em)) < p{Br). 


j&Jv-pRp&lk 
Rj C\d-A.{x \ , 6771)^0 


_RGTree(Q): £(_R)E/fe, 
Sj?n5A(x,em+l,em)/0, 
Rdo-Bp^ 3RjClBp 


If fSQj = Rj C Bp then v{6Qj) < v{Bp) < \^{Br) < Xfi{R) by dOj). Prom (IM|) we infer 


(65) 


WlliMxpm+lPm)) < X Y1 


jeJvi(Rj)eik 

RjndA{x,em+i,em)¥=0 


i?eTree(Q): £(iJ)e/fc, 
BiindA{x,€m+l,£m)¥=0, 
RCaBp, 3 RjCBji 


We want to show that the right hand side of (|65p can be estimated by X2~^£{P)^~^. To this 
end, we can suppose that i{R) < ^{P), otherwise the estimate becomes trivial because we 
are already assuming 2~^ < i{P) and £{R) G R (so in this last case there is only a finite 
and uniformly bounded number of terms in the sum above). Suppose now that i{R) < i{P)- 
Since R C aBp then R C Up'eU(P) constant Ci in the definition of V{P) is big 

enough. Thus, R C P' for some P' G V{P). Note that P' G Tree(Q) because R G Tree(Q), 
and so we finally get R G Tree(B'). Then, from (|65p and the estimates on annuli from 
Lemma [231 we obtain 

Wl\{Mx,em+l,em)) < X Y 

j&Jr.pRjWk P'eV(P) PeTree(P'):£(R)e4, 

RjndA{x,em+l,£7n)i=0 Bp0dA{x,£,n+l,f-7n)i^0 

< X2-H{PT-\ 

as desired. Finally, ([5^ follows from ([63]) and ([ 66 ]) . 

Let us turn our attention to ([60]) now. Recall that, given j G J 2 , R[j) G cITree(Q) denotes 
some cube such that R[j) C aBp and Rj C Bp(^jy Similarly to (l63]) . by Holder’s inequality 
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we get 


E 

RjndA{x,em+i,em)^0 


\i^l\{A{x,em+i,em)) 


3/2 


< 


E E Wbli^R n A{x, €m+l,em)) 


(67) RedTreeiQ): RCaBp jeJ2-.R(j)=R 

Biir\dA{x,em+i,em)^0 


3/2 


S E (| 5 ) 


1/4 


E E n A{x,em+I,em)) 


R&dTvee{Q): j&J2'-R{j)=R 

RCaBp,£{R)=2-'= 
BpndA{x,€m+l,tm)¥=0 


3/2 


For the cubes R = R{j) in the last sum above, note that Rj C Br (see the definition of J 2 ). 
So, as we did before (|6^ . v{Br) < X^{Bji) < Xfi{R) by (l9|). Using that ||z^^|| < R{Qj), that 
the Qj^s have bounded overlap and that i^(-Bh) < Xfi{Bji), we deduce that 

E E \i 4 \{Br n A{x,em+i,eni)) 

RedTreeiQ): RCaBp, £(R)=2-'= /S J 2 : Rij)=R 
BpndA{x,em+l ,em)^0 

s E E E 

(68) RedTreeiQ)-. j&J 2 .R{j)=R ReaTree(Q): 

R(laBp,i{R)=2-^ R(laBp,l{R)=2-^ 

Bpf ^ OA (^ X ,€ jfi^-l ,6771)^0 

< A KR)- 

HeaTree(Q): RCaBp , i { R )= 2 -*= 

BpndA { x , £777+1,£777)7^0 


As we did in the case of Ji, now we want to show that the last term above can be estimated 
by X2~^i{P)^~^. We argue similarly to what we did before (|66l) . If R is as in the right hand 
side of the last inequality in (f68|) . since R C aBp we have i{R) < ^{P), and thus we can 
assume i{R) < ^iP) (otherwise the estimate that we want to show becomes trivial). Since 
R C aBp then R C Up'ev(p) R' if fh® constant Ci in the definition of V{P) is big enough. 
Thus, R C P' for some P' € V{P) and R G Tree(P') (recall that R G 5Tree(Q) implies 
R G Tree((5)). Then, from (j68p and the estimates on annuli from Lemma 12.51 we obtain 


(69) 


E E Wi\{BR n A{x, em+iPm)) 

RedTreeiQ)-. RCaBp,£{R)= 2 ->‘ /£ J2: Rij)=R 

BpndA{x,€m+l,em )¥=0 

<A ^ ^ f,{R)<X2-’^iiPr- 

P'&V(P) R£Tree{P'y.i{R)eIk, 

P_R n 9 A( 3 ; , £777+1, £777) 7^0 


as desired. 
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Combining ([69|) with (1671) we get 


^ ^ I (^( 3 ^) £m+l) Cm)) 


jeJ2- 

RjndA{x,em+i,em)j^0 


3/2 


/ 2 -fc \ 1/4 


(70) E (|(P) 

k-.2-*=<l{Py 


E E \vI\{Br n A{x,era+iym)) 


-Rs9Tree(Q): j&J 2 - 

RCaBpJ{R)=2-^ 

5^771+1 i^TTi, )^0 


(zpl) Wl\iBRnA{x,eyn+i,em))- 


< AV2^(P)-/2 ^ 

RGdTree(Q): RGctBp j&J 2 - R{j)=R 

Finally, (f60]l is a consequence of (fTOjl and the trivial estimate 

Y Wi,em)) < u(Sp), 

j'e J 2 : RjndA{x,em+i,emy0 

which holds if ci in dTj) is big enough because ||u^|| < v{Qj) and the Qj's have bounded 
overlap. 

□ 


4. VpoT^ : -a LP{^) IS A BOUNDED OPERATOR FOR 1 < p < CX) 

Under the assumptions of Theorem ll.il the boundedness of VpoT^ in L^ip) for 1 < p < 2 
follows by interpolation, taking into account that it is bounded in Lp‘{p) and from L^{p) to 
L^’°°(p), by Theorem 13.21 and Theorem 13.11 So it only remains to prove the boundedness in 
Li’(p) for 2 < p < oo. This task is carried out in the next theorem. 

Theorem 4.1. Let p he a uniformly n-rectifiable measure in Let K be an odd kernel 
satisfying ([T]) and consider the operator T associated to K defined in ([2]). Then Vp o is 
a bounded operator in L'P{p) for all p > 2 and all 2 < p < oo. 

Proof. We are going to prove that if p is a uniformly n-rectifiable measure then oVpo'T^ 

is a bounded operator in LP{p) for all 2 < p < cx), where denotes the dyadic sharp 

maximal function, that is, 

^vpf{x)= sup molf -mofl 

D&V^-.x&D 

The theorem will then follow from the fact that the maximal operator defined by A4x>tJ.f{x) = 
sup£)g 25 M;a;gp) 7 np)|/| can be controlled in LP{p) norm by A4|,^. That is, fWipp) < 

u 

\\J^Vpf\\LP(fi) (see [3 Lemma 6.9], for example). 

Fix / € LP{p) and xq G suppp. Then, 

(71) (Ad^p^ o Vp o T^)/(xo) = sup mD|(VpoT'')/-mp)((VpoT^)/)|. 

D&Vf^-.xoeD 

Given D G T»^ such that xq G D, we decompose f = fi + f 2 with fi := fx 3 D and f 2 ■= f — fi- 
Since Vp o is sublinear and positive, |(Vp o T^)f — (Vp o T^)/ 2 | < (Vp o T^)fi and so 
|(Vpor'^)/-c| < (Vpor'^)/i + |(Vpor'^)/ 2 -c| for uIIcGM. Ifwetakec= (Vpor'^)/ 2 (zD), 
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where zd denotes the center of D (we may assume that c < oo), then 

mD\{VpoTnf-mD{{VpoTnf)\ 

< 2mD\{Vp o rnf - {Vp o rnf 2 izD)\ 

^ ’ <mDiVpoTnfi+mD\iVpoTnf2-{VpoTnf2izD)\ 

=■■ h + h. 


A good estimate for Ii can be easily derived using Cauchy-Schwarz’s inequality, Theorem 
[321(i) and that ^ is n-AD regular. More precisely, 

The estimate of I 2 is much more involved. Given x G D, hy the triangle inequality we 
have 


\{VpoTnf2ix)-iVpoTnf2izD)\ 


(74) 


< 


{emjmez VmeZ ^ 


1/p 


where the supremum is taken over all non-increasing sequences {em}mez of positive numbers 
€m- In order to estimate the right hand side of d74|) . take one of such sequences {em}mez 
and note that, by the triangle inequality again. 


TP 




f2ix) - Tt^^,^^j2izD) 


(75) 


< j Xierr,+I,em]i\x - y\)\^ix - y) - - y)\\f2iy)\dn{y) 

+ / Im ]i\x-y\)-X( ]i\zD - y\)\ \K{zd - y)||/2(y)| d^(y) 


Since x and zd belong to D and /2 vanishes in 3D, we can assume that Cm+i > (-{D) in the 
definition of am and hm for all m G Z. 

Let us first look at the sum relative to the a^’s for m G Z. Using that p > 1, the regularity 
of the kernel K, that /2 vanishes in 3D, and that [a is n-AD regular, for each x G D we have 


E' 


i/p 


(76) 


< X] / \K{x-y) - K{zd- y)\\f 2 {y)\dy{y) 

1/2(2/) I 


< 


<■(0) E / 

^ 67 ) 

l/(y)l 


\y - ZD 


n+1 


dy{y) 


m [ 

Jm 


RA3D \y - Zd\'^+^ 


dy{y) < Mfixo) < M2fixo), 


where we also used Cauchy-Schwarz’s inequality in the last estimate above. 

The sum relative to the 6m ’s for m G Z requires a more delicate analysis. We split 
Z = Ji U J 2 , where 

Jl .— {771 G Z . Cm (^m+1 ^ I*(I^)}) 

J 2 := {m G Z : Cm - em+i < i{D)}. 
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To shorten notation, we also set 

AI^{zd) ■■= A{zD,eyn-(■{D),em +^{D)) and Al^{x) := A{x,€m+i,€m)- 


Since we are assuming e^+i > ^{D) for all m € Z, both A]^(zd) and A]^j^^{zd) are well 
defined for all m G Ji. Moreover, since \x — zd\ < (-{D) for all x G -D, we easily get 


\X{e^+r,e^\{\x - ■[) - X{e^+r,errAi\zD - 'DI < XAU^d) + XAi^^,(zo) ^11 m G Jl, 
\X{e^+r,e^]{\x - -1) - X{e^+r,e^]{\zD - 'Dl < XAU^d) + XA^x) ^r all m G J 2 . 

We are going to split the sum associated with the 6m’s in terms of Ji and J 2 , using in each 
case the corresponding estimate from (1771) . 

Concerning the sum over Ji, since p > 2, (ITT]) yields 


(78) 


^ ( [ \KizD - y)\\f 2 iy)\dn{y)] \ 

+ \ '^ ( [ \KizD - y)\\f 2 {y)\dfj.{y)] 

=: Si + 52. 


The arguments for estimating 5i and S 2 are almost the same, so we will only give the details 
for Si- Since /2 vanishes in 3D, 


(79) 


5i = EE 


k&Zm&Ji: ^dAl^izo) 


\K{zd - y)\\f 2 {y)\dy.{y) 


< 


E 


E 




iG.Ik 


Q&T>>^-. meJi: 
QDD e^Q 


m 


In 


Our task now is to bound |(|/ 2 |p) This is done by splitting the annulus 

AI^{zd), whose width equals 2i{D), into disjoint cubes P G such that 1{P) = (-{D) and 
grouping them properly in terms of the corona decomposition, in order to be able to apply 
Carleson’s embedding theorem later. More precisely, for Q D D and €m (z Iq, we have 

AI^{zd) n supp(p) C U fic u U 0^ U U ^ 

R&V{Q) V ReU(Q) PeTree(R): / V ReU((3) PeStp(R): 

i(P)=llD) (■(P)>t{D) 


Recall also that the number of cubes in V{Q) is bounded independently of Q. Therefore, 


(80) 


\m^^){ aI{zd))\" < Y. 

ReViQ) 


Y {\f2\f^){AUzD)nP) 

PSTree(P): 

£{p)=e{D) 


2 


+ E 

ReViQ) 


Y {\f2\y){AUzD)nP) 

PeStp(P): 

eiP)>e(D) 


2 
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The first term on the right hand side of (I80p can be easily estimated using Cauchy-Schwarz’s 
inequality, that the P’s such that i{P) = (-{D) are disjoint and Lemma [231 That is, 

{\f 2 \n) {A]^{zd) r] P) = J Y XAl{zo)nP^\f2\dfJ, 


PSTree(_R): 

e{p)=i{D) 


PSTree(i?): 

i(P)=l{D) 


(81) 


< 


( Y n P)^ Y (I/ 2 IV) nP) 


' PsTree(P): 
iiP)=e{D) 


P£Tree(P): 

e{P)=eiD) 


i{D)iiRr-^ Y (I/ 2 IV) {AHzd) n P) 


PSTree(R): 

l(P)=t(D) 


The second term on the right hand side of (1801) is estimated similarly but, since the cubes 
in Stp(P) may have different side length, we need to introduce an auxiliary splitting of 
the sum in terms of the side length. This extra splitting, combined with an application of 
Cauchy-Schwarz inequality yields 

2 oj/4 2 

E (l/2W(-4t(‘-D)nF) = Ew E (l/2lf‘)(A‘„(2D)nP) 

PeStp(R): i>0 ^ PeStp(R):t(P)>£(D) 

l{P)>t{D) i{P)=2-p{R) 


< 


(82) 




(1/2!/^) {Al^izD)r\P) 


j>0 PeStp(P):£(P)>£(D) 

l(P)=2-H{R) 


E i^{Al{zD)r^P)'\( Y (l/2lV)(^^(^p)nP)), 

j>0 ^ PeStp(P): ^ ^ PeStp(R): ^ 


PeStp(P) 

l(P)>t{D) 

iiP}=2-H(R) 


PeStp(R): 

t{P)>l(D) 

i{P)=2-H{R) 


where we also used in the last inequality above that the P’s which belong to Stp(P) are 
disjoint and Cauchy-Schwarz’s inequality. Since the width of the annulus Aly^{zD) equals 
2i{D), if P € Stp(P) is such that £{P) = 2~H{R) > 1{D) and A]^{zd) Ci P ^ 0 then 

P C A{zd, em - C2-H{R), + C2-H{R)) 

for some C > 0 depending only on n, d and fj,. Hence, Lemma 12.51 gives 


E 


A. «(3d) n p) < 2 ->i{Ry 


which plugged into 


PGStp{R)-. e(p)>e{D) 

£{P)=2-H{R) 


yields 


^ {\f2\^^){Al{zD)nP) <^ 2 -^/ 2 £( p )- ^ {\hf^,){Al{zD)nP) 

’eStp(P): i>o PeStp(P): 

m>iiD) i{p)>HD) 

(83) i{P)=2-H{R) 

^ E (|§)'^'w(l/2lV)(A;„LD)nP). 


PeStp(P) 
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Applying (ISTI) and (l83]l to (fSOl) . we see that 

|(l/2|M)(Ai.(2D))|"< E E J^W(\h?l‘)(AUzo)rtP) 

-ReV(Q)PeTree(R): ^ ' 

( 84 ) l{,P)=i{D) 

+ E E W(l/2lV)(AU2D)nP). 

ReU(Q) Pestp(R) ^ ^ 


Now that we have estimated |(|/ 2 |a*) we can derive a bound for Since 

t'(Q) = 1{K) for all R G V{Q), (|7^ and (l8^ imply that 

s?~ E E E E f^W"”(iAiV)«UD)np) 

Qel?'": meJi: HeU(Q)PeTree(R): ^ ' 

qdd em&iq e(P)=e{D) 

(85) 

+ E E E E (ffr) W”(IAIV)«(*-D)np). 

QeP'': meJi: ReV(Q) PeStp(P) ^ ^ 

QdD e^Q 


Note that, for m G Ji, each (closed) annulus ^^(zd) overlaps only with the two neigh¬ 
bors AI^_^(zd), A}^_^^{zd) at the boundaries because {emjmez is a non-increasing sequence. 
Therefore, from (1551) we deduce that 


( 86 ) 


-^1 ~ X] zz 

QeP'': Pey(Q) PeTree(P): 
QDP e(P)=i{D) 


m 

m 






E E E (!§)'''«-” (lAiVRp) 


QeP'': R&V{Q) PeStp(P) 
QdD 


For the hrst term on the right hand side of (|86p . using that the P’s in such that ^(P) = 
i{D) are disjoint, that /r is n-AD regular and that xq G P, we have 


E E E 

QeP'': R&V{Q) PeTree(P): 
QOP i{P)=elD) 


(87) 


fi f P/;j iPi < V V (I/2IV) (7^) 

^ ^ QeP^‘:PeU(Q) ^ ^ ^ ^ 

QdD 

A E E 


Q(DD>^. R&V{Q) 
QdD 

<M2f{xo?. 


m 


In order to estimate the second term on the right hand side of (I86p . note that R G V{Q) if 
and only ii Q qV (R) and that if P C Q and P G F (Q) then P C 3P, thus by changing the 
order of summation and using that the number of cubes in V(R) is bounded independently 
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of R and that = U^eXop Tree(‘S') we see that 

E E E 0“''w-"(iArv)(p) 


Qei’'": R£V{q) Pestp{R) 
Qdd 




( 88 ) 


Revi^: Q&ViR) PeStp(R) 
ZRdD 


^ E E E (I|)‘'^(fl)-”(IAIV)(P) 


5eTop ReTree(5): PeStp(R) 
3RdD 


^ E E (^’) E 


-n-l/2 


5eTop PeStp(5) 


PeTree(5): 

3RDDUP 


where we also used in the last inequality above that, for S € Top, if P G Stp(P) for some 
R G Tree(5) then P G Stp(5') and P C R. Moreover, denoting 


D{P, D) := £(P) + dist(P, D) + i{D), 


we have 


( 89 ) 




E 


{2‘D{P,D)) 


-n-1/2 


PeTree(5): 

3RDDUP 


< 

rv-/ 


ieZ PeTree(S):3PDPUP, 

2^ D{P,D)<i{R)<2^+^ D{P,D) 

P(P,P)■”"^/^ 


because the number of cubes R G 'D^^ such that 3P D P U P and 2^D{P,D) < 1{R) < 
2^^^D{P,D) is bounded independently of j G Z, and the statements “3P D P U P” and 
“2^P(P,P) < 1{R) < 2J+ip(P,P)” are compatible each other only if j > jo for some jo G Z 
which only depends on d, n and /r. Plugging (l89|) into (IHSll . we get 


(90) 





1/2 

£(P)-"(|/ 2 |V) {P) 


< 


E E 

5eTop Pestp(5) 


( m 

Vp(p,p) 


■+V2 (l/ap;,) (P) 

£{P)^ 


Finally, by (fHTll . ([90]), and (l86l) . we conclude that 


(91) 


Sf < M, 


fixof + E 

seTop PeStp(S') 


( m 

\D{P,D) 



As we pointed out before, the same estimate holds for 51, because the only properties 
that we used from the annuli A)„(z£))’s are that they have bounded overlap for m G Ji, that 
their width is comparable to i{D), that they are centered in some point lying in P C Q 
that they have diameter comparable to i{Q). Of course, these properties are also shared by 
the annuli A),^_,_^(zd)’s. Actually, for estimating S 2 , one can argue exactly as in the case of 
Si but replacing {m G Ji : e™, £ Iq} by {m G Ji : Cm+i £ Iq} in the involved arguments. 
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Therefore, by (fOTT) . the analogous estimate for S 2 , and (1781) . we see that 
\ i/p / __ __ / \ n+1/2 


mp (I/P) 


1/2 


(92) ( Es + ( E E 

meJi ^ ^ 5eTop Pestp(s) ^ ^ ’ 

We now deal with the sum relative to the bm’s for m ^ J 2 . The estimates are essentially as 
in the case of m G Ji, but we include the sketch of the arguments for the reader’s convenience. 
Since p > 2, ([77)1 yields 

. X 2\ V2 


S'* 

me J 2 


1 /p 


< 

rs_/ 


mGJ2 


\K{zd - y)\\f2{y)\dp(jj) 


(93) 


\ me J 2 
= : ^3 + ^4. 




\K{zd - y)\\f2{y)\ dp{y) 


1/2 


The arguments to estimate ^3 and ^4 are almost the same, so we will only give the details 
for 53 . Since /2 vanishes in 2>D, 


(94) 


hl^'77. rY,CL Jr.- \ 




\K{zd - y)\\f2iy)\dpiy) 


< 


E E 

Qe.'D!^-. m£j2-. 
QDD e/Q 


\i\f2\p) {AlizD))f 


m 


2n 


Once again, our task now is to estimate |(|/ 2 |/ 4 ) . As before, this is done by 

splitting the annulus A‘^{zd), whose width is — ^m+i, in disjoint cubes P G such that 
Em — Cm+i ^ Ip and grouping them properly in terms of the corona decomposition. Arguing 
as in ()80l) . we now have 

|(l/2lf<)«(2D))|‘T E E (l/2lU«(2D)nP) 

ReV{Q) PGTree(R): 

(95) 




+ E 

ReV(Q) 


Y, {\f2\p){Alizn)nP) 


PGStp(R): 

i(P)>em-em+l 


The first term on the right hand side of (1951) can be easily estimated using Cauchy-Schwarz’s 
inequality, that the P’s in Tree(P) such that — ^m+i G Ip are disjoint and Lemma [231 
Similarly to what we did in (| 8 ip . we now obtain 

2 


^ (\f2\pi)[Al{zD)r^P) 


PGTree(R): 
Em—Em+lSp 


(96) 


< {em - em+iYiRT-^ Y (I/ 2 IV) [AUzd) n P) 

PGTree(i 2 ): 


<£(P)W'(l/2lV) (A^(zB)nP), 


where we also used in the last inequality above that — (-m+i < because we are 

assuming m G J 2 . As before, the second term on the right hand side of (|95p is estimated 
similarly to (1961) but introducing an auxiliary splitting of the sum in terms of the side length 
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of the cubes. By applying the Cauchy-Schwarz inequality, we can proceed exactly as in 
and (f83]l . but replacing i{D) by — Cm+i, and then we deduce that 


(97) 


PeStp(R): 

^(P)>Cm-em+l 


(IM^) nP) 

E (IH) (lAlV) (AK^d) n P). 


Pestp(R) 


Combining (fM)) and ([^ with (IMI) and (IWl) . and using that £{R) = £{Q) for all R G V{Q) 
and that, for m G Z, the closed annuli A‘^(z£))'s overlap only with the neighboring annuli 
because {em}mez is a non-increasing sequence, we conclude that 


*^3 ~ 


(98) 


QeP": Pey(Q) 
QdD 


m 

m 


£(7?)-(|/2|V) (R) 


E E E (§§)‘''w”(iMV)(p). 


+ 


QeP'': R&V{Q) PeStp(P) 
Qdd 


\mj 


Plugging (f87|) and (fMjl into (f98]l finally yields 


(99) 




<M2fixof+ Y1 Y1 (wPd) 

SeTopPeStp(S) V 1 1 


n+l /2 


"ip (I/P) 


Similarly to what we said below (1911) . the same estimate that we have for S 3 also holds 
for Si- Therefore, applying (IMjl (and the same estimate for S 4 ) to (l93l) . we see that 


( 100 ) 


E'>s.)'''swa„) + ( E E {i§i 

m£j 2 ^ ^ SeTop PeStp(S) ^ ' ’ 


D) 


n+ll 2 ^ 1/2 

"ip (I/P) 


To complete the proof of the theorem it only remains to put all the estimates together 
and to use standard arguments. From (f76]l . ([921) and (|100jl . we see that 


E(“m + ^m)h <A^ 2 /( 3 ^o)+( E E (niPJ 




■ mSZ ^ ' SeTop PgStp(S) 

which, by ([71]) and d75|) . implies that 
1 


\D{P,D) 


n+1/2 ^ 1/2 

"ip (I/P) 


h = 


( 101 ) 


ID 


\{VpoTnf 2 -{VpoTnf 2 {zD)\d^l 

n+l/2 

\D{P,D) 


/i(Z)) 

<wAo) + (e E (Si 


■ SeTop PeStp(s) 


"ip (I/P) 


1/2 
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Finally, combining (ITTI) and (1721) with (f73]l and (|101ll . and using that UseTop Stp(5) C Top, 
we conclude that 


( 102 ) 

iMl,oVpoTnf{xo) 


< 

rs_/ 


< 

rs_/ 


M 2 f{xo) + sup 

xoS-D 


I 


^ ^ \D{P,D)i ^Pi\f\) 


SeTop Pestp{ 5 ) 
n+l/2 


-d/P) 


' PeTop 

=: M2f{xo) +£i/2fixo), 


1/2 


for all xq G supp(fi), where we denoted 


(103) D(P, Xq) := £(P) + dist(P, Xq)- 

In Lemma [4.2l b elow we prove that T 1/2 is a bounded operator in LP(fi) for all 2 < p < 00 . 
Assuming this for the moment, by (11021) and the LP(/i)-boundedness of A42, we see that 
o Vp o is also bounded in L'P{ix) for all 2 < p < 00 . Then we obtain 

ll(Vpor^)/ll^,(^) < ||(A4i,M o Vpor'^)/||^p(^) < iKMi,. o Vpor'^)/iUp(^) < ||/iu,(^) 


for all 2 < p < 00 , and the theorem is proved. 


□ 


Lemma 4.2. Given <5 > 0, set 


£sf{x) := 



D{P,x) 


n-\-5 

mp (l/P) 


1/2 


for f E T^(p) and x E where D{P,x) is defined in (11031) . Then £s is a bounded operator 
in LP{p,) for all 2 < p < 00 . 


Proof. The proof follows by duality and Carleson’s embedding theorem. Since 2 < p < 00 , 
if q is such that 2/p + 1/q = 1 then 1 < g < 00 , thus 


(104) 


\\£ 6 f\\LPp) = \mf)Xr/Hp) 


sup 


/ 


{Ssffgdfi 


1/2 


Note that 
(105) 


/ 


{Ssffgdp, 



\g{x)\dp.{x). 


Integrating over dyadic annuli and using that p is n-AD regular, it is easy to check that 
(106) j \g{x)\dg{x) < Mg{y) for all p E P 
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(here it is crucial that 5 > 0). Thus, by ()105p . (I106p . Holder’s inequality and Carleson’s 
embedding Theorem 12.21 (recall that p/2 and q belong to (1, oo)), 





From ()104n and (I107p we conclude that \\£sf\\Lp(ii) ^ ll/llLp(/i)) as wished. □ 

5. The proof of Theorem 11.41 

The arguments are very similar to the ones for the proof of Theorem 11.11 and so we will 
only sketch the main ideas. 

When K is an odd kernel satisfying ([1]), one of the main ingredients of the proof of the 
boundedness of Vp o T from M{R'^) to L^’°°(p) in Section [3] and of Vp o in L'p{^) for 
2 < p < oo in Section [J] is Theorem 13.21 which ensures the boundedness of Vp o 'T^ in 
L^(//) —)■ T^(p) and of Vp o 7 ^ from M{W^) to The reader can easily check that 

exactly the same arguments contained in Sections [3] and 0] show that if 7C(-, •) is a Calderon- 
Zygmund kernel as in Theorem 11.41 and T is the associated operator, and moreover the 
following assumptions hold: 

{i) Vp o ; L^(/x) —7> is bounded, 

{a) VpoTip : M(]R‘’*) —)■ L^’°°(p) is bounded, 

then VpoT : M{R‘^) —> L^’°°(p) and VpoT^ : L‘P{^) LP{ii), 2 < p < oo, are also bounded. 
That is, the same conclusions of Theorems ixn and 14.11 hold. 

Thus, by interpolation, to conclude the proof of Theorem ll.4l it just remains to check that 
the conditions (i) and {ii) above hold. This is obvious in the case of condition (i) because 
this is indeed one of the main assumptions of Theorem 11.41 Concerning (ii), note first that 
the boundedness of Vp o in T^(p) implies that Vp o 7^ is also bounded in T^(p). This is 
an immediate consequence of the pointwise estimate 

Vpo7;^(/)(x)<Vpor^(/)(x), 
which can be obtained by writing 

T^,{fn){x) := j (feix - y)K{x,y) f{y) dn{y) 
in terms of a convex combination of functions of the form 

Tsifd‘)ix) ■= [ K{x,y) f{y)dy{y), 

J\x-y\>S 

for (5 > 0 belonging to some interval depending on e and then applying Minkowski’s integral 
inequality. The arguments are quite similar to the ones in (|3ip - (l33p and we omit them. 

Then, basically the same arguments for the proof of Theorem 2.5 in m show that the 
boundedness of VpoT^ in T^(p) implies that VpoT^ is bounded from M(M'’*) to This 

is shown in m for the case when K is an odd kernel satisfying ([1]) and p is the Hausdorff 
measure T-L^ on a Lipschitz graph. However, the same proof with very minor changes works 
in the more general situation when K(-, •) is a kernel such as in Theorem 11.41 and p is just 
and n-dimensional AD-regular measure. 
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